Rules for integrands of the form (fx)" (d + e x?)” (a + bArcCosh[cx])"

1. J(-Fx)'" (d+ex?)? (a+bArcCosh[cx])"dx when c>’d+e=0

0: J(fx)"' (d1+e1x)P (d2+e2x)P (a+bArcCosh[cx])"dx when d2el+dle2=2=0 A peZ

Derivation: Algebraic simplification
Basis: If d2e1+d1e2--0,then (d1 + el x) (d2 +e2x) == dl1d2 + el e2 x?

Rule: If d2e1+d1e2:-0 A pez, then

J.(-Fx)"1 (d1+elx)? (d2 + e2x)P (a+bArcCosh[cx])"dx — J(fx)'" (d1d2 + e1e2x?)? (a+bArcCosh[cx])"dx

Program code:

Int[(F_.#x_)™m_.x(d1_+el_.*x_)"p_.*(d2_+e2_.#X_)"p_.*(a_.+b_.*ArcCosh[c_.*x_])~n_.,x_Symbol] :=
Int[ (f*x)"mx (dlxd2+elxe2xx"2) “px (a+bxArcCosh[cxx])"n,x]| /;
FreeQ[{a,b,c,d1,e1,d2,e2,f,m,n},x] & EqQ[d2sel+d1lxe2,0] & IntegerQ[p]



Rules for integrands of the form (f x)~"m (d+e x~2)~p (a+b arccosh(c x))~n

1. J(-Fx)'" (d+ex*)? (a+bArcCosh[cx])"dx when c>d+e=0 A n>0

1. Jx (d+ex?)? (a+bArcCosh[cx])"dx when c>’d+e=0 A n>0

dx when c2d+e=0 A nez*

1: J-x (a+bArcCosh[cx])"

d+ex?

Derivation: Integration by substitution

Basis: If c2d + e == 9, then = - iSubst[Coth[x], X, ArcCosh[c x]] 8xArcCosh[c x]

d+e x?

Basis: If c2d + e = 0, then —=— - —tSubst[Coth[ﬁ - ﬁ], X, a+bArcCosh[cx]] 6x (a+bArcCosh[cx])

d+e x?

Note: If nez,then (a + b x)" Coth [x]isintegrable in closed-form.

Rule:If c2d+e =0 A nez*, then

X (a+bArcCosh[cx])" 1
I dx — — Subst[j(a +bx)" Coth[x] dx, x, ArcCosh|[c x]]
d+ex? e

Program code:

Int[x_=* (a_.+b_.xArcCosh[c_.*x_])"n_./(d_+e_.*x_"2),x_Symbol] :=
1/exSubst [Int[ (a+bxXx)*nxCoth[x],x],x,ArcCosh[cxx]] /;
FreeQ[{a,b,c,d,e},x] & & EqQ[c”2xd+e,0] && IGtQ[n,0]



Rules for integrands of the form (f x)~"m (d+e x~2)~p (a+b arccosh(c x))~n

2: jx (d+ex*)? (a+bArcCosh[cx])"dx when c>d+e=0 ANn>0 A p#-1

Derivation: Integration by parts and piecewise constant extraction

Basis: x (d+ex?)P = a, larex?)™”

2e (p+l1)

. +1 +1
Basis: If e1=cd1 n e2=-cda2 ap#-1,thenx (d1+elx)P (d2 +e2x)P = gy (HreiXi 2‘;2:1‘32"”

Basis: a, (a+bArcCosh[cx])" = <t (a:b ArcCoshcx]) "
Viscx V-1l+cx

. (d+ex2)p B
Basis: If c2d+e=o, then Oy (1+c X)P (-1+cx)P

Rule: If c2d+e=0An>0 A p¢_1,then

jx (d+ex*)? (a+bArcCosh[cx])"dx

— dx

(d+ex2)p+1 (a +bArcCosh[cx])" bcn J-(d+ex2)"*1 (a+bArcCosh[cx])™?

2e (p+1) 2e (p+1) Vitex V-1+cx
(d+ex2)P+1 (a +bArcCosh[cx])" bn (d+ex?)” 2 1
— - f(1+cx)p*? (-1+cx)P*z (a+bArcCosh[cx])™tdx
2e (p+1) 2c (p+1) (1+cx)P (-1+cx)P

Program code:

Int[x_=*(d_+e_.*x_"2)"p_.*(a_.+b_.xArcCosh[c_.*x_])”n_.,x_Symbol] :=
(d+exx”~2) ~ (p+1) * (a+bxArcCosh[cxXx])*n/ (2xex (p+1)) -
bxn/ (2xCx (p+1) ) *Simp [ (d+e*x"2) *p/ ( (1+C*X) *p* (-1+C*xX) ~*p) ] *
Int[ (1+c*xx) " (p+1/2) *x (-1+cxX)~(p+1/2) » (a+b*xArcCosh[cxx]) " (n-1),x] /;
FreeQ[{a,b,c,d,e,p},x] & & EqQ[c*2xd+e,0] && GtQ[n,0] && NeQ[p,-1]

Int[x_=*(d1_+el_.xx_)"p_=(d2_+e2_.xx_)"p_x(a_.+b_.*xArcCosh[c_.*x_])”n_.,x_Symbol] :=
(d1+elxx)~ (p+1) * (d2+e2xx) A (p+1) » (a+bxArcCosh[cxx] ) n/ (2xelxe2x (p+1)) -
bxn/ (2xCx (p+1) ) *Simp [ (d1+elxx)*p/ (1+cxx) p] *Simp[ (d2+e2xX)*p/ (-1+CxX) *p] *
Int[ (1+c*x)~(p+1/2) *x (-1+c*x) " (p+1/2) * (a+bxArcCosh[cxx] )~ (n-1),x] /;
FreeQ[{a,b,c,d1,el,d2,e2,p},x] &% EqQ[el,cxdl] && EqQ[e2,-c*xd2] && GtQ[n,0] && NeQ[p,-1]



Rules for integrands of the form (f x)~"m (d+e x~2)~p (a+b arccosh(c x))~n

2. J(fx)'" (d+ex*)? (a+bArcCosh[cx])"dx when c>d+e=0 AnN>0 Am+2p+3=:0

dx when c2d+e==0 A nez*

1: J~(a + b ArcCosh[cx])"

X (d+ex2)

Derivation: Integration by substitution

Basis: If c2d + e = 9, then : = - > Subst [ ——1——, x, ArcCosh[c x] ] 8,ArcCosh[c X]
x (d+ex?) d Cosh[x] Sinh[x]

Basis: If c>d + e == 9,then —~— . - L Subst [ L » X5 a+bArcCosh[cx]] & (a+bArcCosh[cx])
x (d+ex?) bd Cosh[—:—+2—] Sinh[—2—+ﬂ

Rule:If c2d+e =0 A nez*, then

(a +bArcCosh[cx])" 1 (a+bx)"
J dx — -—Subst [J— dx, x, ArcCosh[c x]]
x (d+ex?) d Cosh[x] Sinh[x]

Program code:

Int[ (a_.+b_.*ArcCosh[c_.*x_])"n_./ (X_x(d_+e_.xx_"2)),x_Symbol] :=
-1/dxSubst[Int[ (a+bxx)~n/(Cosh[x]+Sinh[x]),x],x,ArcCosh[csx]] /;
FreeQ[{a,b,c,d,e},x] & & EqQ[c”2xd+e,0] && IGtQ[n,0]



Rules for integrands of the form (f x)~"m (d+e x~2)~p (a+b arccosh(c x))~n

2: j(fx)m (d+ex?)? (a+bArcCosh[cx])"dx when c’d+e=0 AN>0 Am+2p+3=0 Am#-1

Derivation: Integration by parts and piecewise constant extraction

Basis: If m + 2 p + 3=-0, then (-Fx)'" (d+exz)p =8, (Fx)™ (drex?)P?

df (m+1)

Basis: If d2e1+d1e2=0 Am+2p+3=0,then (fx)" (d1+e1x)P (d2+e2x)P = 5, LFx - (dleel )™ (dave2 P
d1d2f (m+1)

Basis: o, (a+ bArcCosh[cx])" = ben(asbArcCoshiex))®
Viiex V-1l+cx

Basis: If c2d+e=0,thens —&X)” __ _ ¢

(1+cx)P (-1+cx)P

Rule:if c>’d+e=0ANnN>0 Am+2p+3==0 Am#+-1,then
J(-Fx)'" (d+ex*)? (a+bArcCosh[cx])"dx —

(Fx)™* (d+ex?)P" (a+bArcCosh[cx])"

+

df (m+1)

bcn (d+ex2)p

D @ o )pJ\(-Fx)'"+1 (1+cx)‘”§' (—1+cx)p+§' (a +bArcCosh[cx])"!dx
m + +Ccx)P (-1+cx

Program code:

Int[(F_.#x_) m_(d_+e_.*x_"2)"p_.*(a_.+b_.*ArcCosh[c_.xx_])"n_.,x_Symbol] :=
('F*x) A(m+1) » (d+exx”2) ~ (p+1) * (a+bxArcCosh[cxx]) "n/(d*'F* (m+1) ) +
bxcxn/ (fx (m+1) ) +Simp[ (d+exx"2) Ap/ ((1+C*X) Ap* (-1+C*X) "p) ] »
Int [ (Fxx)"(mel) x (L+cxx)~ (p+1/2) % (-1+CxX) ~ (p+1/2) » (a+bxArcCosh[cxx] )~ (n-1) ,x] /;
FreeQ[{a,b,c,d,e,f,m,p},x| & EqQ[c*2xd+e,0] && GtQ[n,0] &% EqQ[m+2xp+3,0] && NeQ[m,-1]

Int[(F_.»x_) m_%(d1l_+el_.#x_)"p_x(d2_+e2_.*x_)"p_x(a_.+b_.xArcCosh[c_.*x_]) n_.,x_Symbol] :=
(Fxx) A (m+1) » (d1+elsx) A (p+1) * (d2+€24X) A (p+1) # (a+bxArcCosh[cxx]) *n/ (d1+d2+fx (m+1)) +
bxcxn/(fx (m+1) ) +Simp[ (d1+elxx)Ap/ (1+C+X) *p]+Simp[ (d2+e2xx) p/ (-1+C#X) p]*
Int[ (F*x)"(Mel)# (14CxxX) " (p+1/2) * (-1+C*X) ~ (p+1/2) » (a+bxArcCosh[c*x]) (n-1) ,x] /;
FreeQ[{a,b,c,d1,e1,d2,e2,f,m,p},x]| & EqQ[el,cxd1l] 8&& EqQ[e2,-cxd2] & GtQ[n,0] && EqQ[m+2xp+3,0] && NeQ[p,-1]



Rules for integrands of the form (f x)~"m (d+e x~2)~p (a+b arccosh(c x))~n

3. J(fx)'" (d+ex*)? (a+bArcCosh[cx])"dx when c>’d+e=80 An>0 A p>0
1. J(-Fx)'" (d+ex?)? (a+bArcCosh[cx]) dx when c>’d+e=0 A p>0

1. j(fx)'“ (d+ex?)? (a+bArcCosh[cx]) dx when c>d+e==0 A pezZ*

1. J(-Fx)'" (d+ex*)? (a+bArcCosh[cx]) dx when c?d+e=0 A pezZ* A m;—leZ‘

P (a+bArcCosh[cx])
dx when c2d+e=0 A pez*

. J-(d+ex2)

X

Derivation: Inverted integration by parts

Rule: If c2d+e=0 A pez*, then
(d+ex?)? (a+bArcCosh[cx])

J~ dx —
X

(d+ex?)? (a+bArcCosh[cx]) bc (-d)P . .
- J(1+cx)p'f (-1+cx)P‘fd1x+dJ
2p 2p

(d+e xz)p'1 (a+bArcCosh[cx])
dx

X

Program code:

Int[(d_+e_.*x_"2)"p_.x(a_.+b_.xArcCosh[c_.xx_]) /x_,x_Symbol]
(d+exx”2) *p* (a+bxArcCosh[cxXx]) / (2xp) -
bxcx (-d) *p/ (2xp) *Int [ (1+c*X) *(p-1/2) * (-1+c*Xx)*(p-1/2) ,x] +
dxInt[ (d+exx"2)~ (p-1) * (a+bxArcCosh[c*x]) /x,x] /;
FreeQ[{a,b,c,d,e},x] &% EqQ[c*2xd+e,0] && IGtQ[p,0]

2: J(fx)"‘ (d+ex?)? (a+bArcCosh[cx]) dx when c?d+e=0 A peZ* A '";1 €z

Derivation: Inverted integration by parts

Rule:ifc’d+e =0 A pez'A ™t ez, then



Rules for integrands of the form (f x)~"m (d+e x~2)~p (a+b arccosh(c x))~n

J(fx)'" (d+ex?)? (a+bArcCosh[cx]) dx —

(£x)™* (d+ex?)P (a+bArcCosh[cx])

£ (m+1)
b -d)?P 1 1 2
1‘:‘:(—)J.(-Fx)m+1 (1+cx)Pz (-1+cx)Pzdx- % j(fx)"”z (d +ex2)p'1 (a+bArcCosh[cx]) dx
(m+1) (m+1)

Program code:

Int[(f_.*x_)~m_x(d_+e_.*x_"2)"p_.*(a_.+b_.*ArcCosh[c_.*x_]),x_Symbol] :=
(F#x)~ (m+1) » (d+exx"2) “p* (a+bxArcCosh[c#x] )/(-F* (msl)) -
bxcx (-d) Ap/ (Fx (m+1) ) #Int [ (Fxx) " (Me1) % (1+cxx) A (p-1/2) # (-1+C*x) ~ (p-1/2) ,X]| -
2xexp/ (FA2% (m+1) ) #Int [ (Fxx) " (M+2) » (d+exx"2) ~ (p-1) » (a+bxArcCosh[cxx]),x] /;
FreeQ[{a,b,c,d,e,f},x] && EqQ[c"2xd+e,0] && IGtQ[p,0] && ILtQ[(m+1)/2,0]

2: J(fx)'" (d+ex?)? (a+bArcCosh[cx]) dx when c>’d+e==0 A pezZ*

Derivation: Integration by parts

Rule:lf c2d +e =0 A peZ,let us[(fx)" (d+ex?)Pax, then

u
J(fx)"' (d+ex*)? (a+bArcCosh[cx]) dx — u (a+bArcCosh[cx]) —bcj dx

\/1+cx \/—1+cx

Program code:

Int[ (f_.*x_) m_x(d_+e_.*x_"2)"p_.*(a_.+b_.*ArcCosh[c_.*x_]),x_Symbol] :=

With[{u=IntHide[ (fxx)"mx (d+exx"2)"p,x]},

Dist[a+bxArcCosh[c#x],u,x] - bxcxInt[SimplifyIntegrand[u/ (Sqrt[1l+c*x]*Sqrt[-1+c*x]),x],x]] /;
FreeQ[{a,b,c,d,e,f,m},x] & EqQ[c"2+d+e,0] & IGtQ[p,0]



Rules for integrands of the form (f x)~"m (d+e x~2)~p (a+b arccosh(c x))~n

2: jx'" (d+ex*)? (a+bArcCosh[cx]) dx when c?d+e=0 A p—%ez A p;t—% A (%ez*v m*—ZZMGZ‘)

Derivation: Integration by parts and piecewise constant extraction

i __ bc
Basis: Ox (a + bArcCosh[c x]) == rcx V1
Basis: If c2d + e == 0, then 64 Jdre x? =0
V1+cx v/ -1+cx
~ Note:If p - ez A (MEezrv ™22 ez then v (d+ex)?axis an algebraic function not involving logarithms,

inverse trig or inverse hyperbolic functions.

Rule:if ?d+e=0Ap-JezApt-3 A (Mtezrv ™22 cz7) letu— [x" (d+ex?)”dx,then

jx’" (d+ex*)? (a+bArcCosh[cx]) dx

u
— u (a+bArcCosh[cx]) —ch. dx
V1+cx V—1+cx
bcVd+ex? u
— u (a+bArcCosh[cx]) - J dx

Visex V-1+cx Vd + e x?

Program code:

Int[x_"m_x (d_+e_.*x_"2)"p_x(a_.+b_.xArcCosh[c_.xx_]),x_Symbol] :=

With[{u=IntHide [x"m« (d+e*x"2)"p,x]},

Dist[a+bxArcCosh[cxx],u] -

bxcxSimp [Sqrt [d+exx"2]/ (Sqrt[1+c*x]*Sqrt[-1+cxx])]+Int[SimplifyIntegrand [u/Sqrt[d+exx"2],x1,x]|] /;
FreeQ[{a,b,c,d,e},x] & EqQ[c”2xd+e,0] && IntegerQ[p-1/2] && NeQ[p,-1/2] && (IGtQ[ (m+1)/2,0] || ILtQ[ (m+2xp+3)/2,0])



Rules for integrands of the form (f x)~"m (d+e x~2)~p (a+b arccosh(c x))~n 9

Int[x_"m_»(dl_+el_.xx_)"p_*(d2_+e2_.xx_)"p_=*(a_.+b_.xArcCosh[c_.*x_]) ,x_Symbol] :=

With[{u=IntHide [x"m (d1+elxx) px (d2+e2xx)"p,x]},

Dist[a+bxArcCosh[cxx],u] -

bxcxSimp [Sqrt[dl+elxx]*Sqrt[d2+e2xx]/ (Sqrt[1l+c*x]*Sqrt[-1+cxx])]*Int [Simpli-FyIntegrand [u/ (Sqrt[dl+elxx] *»Sqrt[d2+e2xx]) ,X] ,x] ] /5
FreeQ[{a,b,c,d1,el1,d2,e2},x] && EqQ[el,cxdl] && EqQ[e2,-cxd2] && IntegerQ[p-1/2] && NeQ[p,-1/2] && (IGtQ[ (m+1)/2,0] || ILtQ[ (m+2xp+3)/2,0]

2. J(-Fx)'"\/d+ex2 (a+bArcCosh[cx])"dx when c2d+e=0 A n>1

1: j(fx)'"‘\/d+ex2 (a+bArcCosh[cx])"dx when c?d+e=0 An>0 Am<-1

Derivation: Inverted integration by parts
Note: The piecewise constant factor in the second integral reduces the degree of d in the resulting antiderivative.

Rule: If c2d+e=0a n>0/\m<—1,then

J\(fx)m\/m (a+bArcCosh[cx])"dx —

(Fx)™*Vd+ex? (a+bArcCosh[cx])"
f (m+1) )

bcnVd+ex?

f (m+1) VYi+ex V-1+cx

c2Vd+ex? J(fx)mz (a +bArcCosh[cx])"

J(f x)“1+1 (a+bArcCosh[cx])"™!dx -
2 (m+1) Vi+ex V-1+cx

dx

'\/1+Cx '\/—1+cx

Program code:

Int[(f_.*x_)" m_+Sqrt[d_+e_.+x_"2]x(a_.+b_.*ArcCosh[c_.*x_])"n_.,x_Symbol] :=
(Fxx) " (m+1) #Sqrt [d+exx 2] « (a+bxArcCosh[cxx])*n/ (fx (m+1)) -
bxcxn/(fx (m+1) ) +Simp[Sqrt[d+exx 2]/ (Sqrt[1+cxx]*Sqrt[-1+csx]) ]+
Int [ (fxx)~(m+1) x (a+bxArcCosh[cxx])”(n-1),x] -
€22/ (FA2x (m+1) ) xSimp [Sqrt [d+exx 2]/ (Sqrt[1+cxx] *Sqrt[-1+cxx])]*
Int[ (f*x)~(m+2) * (a+b*ArcCosh[cxx])~n/ (Sqrt[1+cxx]*Sqrt[-1+c*x]),x]| /;
FreeQ[{a,b,c,d,e,f},x] && EqQ[c"2+d+e,@] & GtQ[n,0] && LtQ[m,-1]



Rules for integrands of the form (f x)~"m (d+e x~2)~p (a+b arccosh(c x))~n

Int[(f_.*x_)~m_sSqrt[dl_+el_.xx_]*Sqrt[d2_+e2_.+x_](a_.+b_.*ArcCosh[c_.*x_]) n_.,x_Symbol] :=
(Fxx) " (m+1) xSqrt [d1+elsx] «Sqrt[d2+e2xx] » (a+bxArcCosh[cxx]) n/ (fx (m+1)) -
bxcxn/(fx (m+1) ) +Simp[Sqrt[dl+elsx]/Sqrt[1+c+x]]*Simp[Sqrt[d2+e2+x]/Sqrt[-1+cxx]]*
Int[ (f*x)~(m+1) * (a+bxArcCosh[c+x])~(n-1),x] -
cAz/(fAz*(m+1))*Simp[Sqrt[d1+e1*x]/Sqrt[1+c*x]]*Simp[Sqrt[d2+e2*x]/Sqrt[—1+c*x]]*
Int [ ((f*x)~(m+2)» (a+bxArcCosh[cxx])"n)/(Sqrt[1l+c*x]+Sqrt[-1+c+x]),x]| /;
FreeQ[{a,b,c,d1,e1,d2,e2,f},x]| && EqQ[el,cxdl] & EqQ[e2,-c+d2] && GtQ[n,0] & LtQ[m,-1]

2: J(-Fx)"' d+ex? (a+bArcCosh[cx])"dx when c?d+e=0 A neZ*'A (M+2€Z*V n=1)

Derivation: Inverted integration by parts

Note: The piecewise constant factor in the second integral reduces the degree of d in the resulting antiderivative.

Rule: If c2d+e=0 Anez*a (m+2ez*Vv n==1),then

J(fx)mm (a+bArcCosh[cx])"dx —

(fx)™*Vd+ex® (a+bArcCosh[cx])"

f (m+2)

Vd+ex? J-(fx)"'(a+bAr'cCosh[cx])"d]
X

\/1+cx ‘\/—1+cx

bcnVd+ex? o1 )
J.(f x)™" (a+bArcCosh[cx])"™" dx -

(m+2) Vi+ex V-1+cx

f (m+2) VYi+ex V-1+cx

Program code:

Int[(f_.*x_)~m_+Sqrt[d_+e_.*x_"2]x(a_.+b_.*ArcCosh[c_.*x_])"n_.,x_Symbol] :=
(Fxx)~ (m+1) #Sqrt [d+exx 2] + (a+bxArcCosh[cxx]) ~n/ (fx (m+2)) -
bxcxn/ (fx (m+2) ) «Simp [Sqrt [d+e+x" 2]/ (Sqrt[1+c*x]*Sqrt[-1+c+x])]*
Int[ (f*x)"(m+1) * (a+bxArcCosh[c*x])(n-1),x]| -
1/ (m+2) *Simp [Sqrt [d+exx”2]/ (Sqrt[1l+c*xx]*Sqrt[-1+cxXx]) ]*
Int[ (f*x)~m« (a+bxArcCosh[c#x]) n/ (Sqrt[l+cxx]*Sqrt[-1+cxx]),x] /;
FreeQ[{a,b,c,d,e,f,m},x] & EqQ[c"2«d+e,0] && IGtQ[n,0] && (IGtQ[m,-2] || EqQ[n,1])

10



Rules for integrands of the form (f x)~"m (d+e x~2)~p (a+b arccosh(c x))~n

Int[(f_.*x_)~m_sSqrt[dl_+el_.xx_]*Sqrt[d2_+e2_.+x_](a_.+b_.*ArcCosh[c_.*x_]) n_.,x_Symbol] :=
(Fxx) " (m+1) xSqrt [d1+elsx] «Sqrt[d2+e2xx] » (a+bxArcCosh[cxx]) n/ (fx (m+2)) -
bxcxn/(fx (m+2) ) +Simp[Sqrt[dl+elsx]/Sqrt[1+c+x]]*Simp[Sqrt[d2+e2+x]/Sqrt[-1+cxx]]*
Int[ (f*x)~(m+1) * (a+bxArcCosh[c+x])~(n-1),x] -
1/ (m+2) *Simp [Sqrt[dl+elxx] /Sqrt[l+cxx]]*Simp[Sqrt[d2+e2xx]/Sqrt[-1+CcxX]]*
Int[ (f*x)~m« (a+bxArcCosh[c#x]) n/ (Sqrt[l+c*x]*Sqrt[-1+cxx]),x] /;
FreeQ[{a,b,c,d1,e1,d2,e2,f,m},x] && EqQ[el,cxdl] && EqQ[e2,-cxd2] & IGtQ[n,0] & (IGtQ[m,-2] || EqQ[n,1])

3. J(fx)"‘ (d+ex?)? (a+bArcCosh[cx])"dx when c’d+e=@ An>0 A p>0

1: J.(-Fx)'" (d+ex2)p (a+bArcCosh[cx])"dx when c?’d+e=0 An>0 Ap>0 Am<-1

Derivation: Inverted integration by parts

Rule:lf c2d+e =0 An>0 Ap>0 A m< -1,then

J(fX)m (d+eX2)p (a+bArcCosh[cx])"dx —

(£x)™* (d+ex?)P (a+bArcCosh[cx])"

f(m+1)
2e
" [(£x)" (d+ex)"* @+ bArccoshrex1) " ax-
2 (m+1)
ben (d+ex?)’ z

f ( 1) (1 )P (-1 )pj(fx)mﬂ (1+cx)l°-2‘ (-1+cx)P2 (a+bAI“CCOSh[CX])"-1d]x
m+ +CX -1+cCcX

Program code:

Int[ (F_.*x_) m_%(d_+e_.*x_"2)"p_.*(a_.+b_.xArcCosh[c_.*x_])"n_.,x_Symbol] :=
(F*x) A (m+1) » (d+exx"2) *px (a+bxArcCosh[cxx])~n/ (fx (m+1)) -
2xexp/ (FA2% (M+1) ) #Int [ (Fxx) " (M+2) » (d+exx"2) ~ (p-1) » (a+bxArcCosh[cxx])*n,x]| -
b*c*n/(-F* (m+1) ) *Simp [ (d+exx"2) *p/ ( (1+C*X) *p* (-1+CxX) ~p) ] *
Int[ (F*x)"(m+l)* (1+CkX) " (P-1/2) * (-1+C*X) ~ (p-1/2) » (a+bxArcCosh[c*x]) ~ (n-1) ,x] /;
FreeQ[{a,b,c,d,e,f},x] & EqQ[c"2xd+e,8] & GtQ[n,0] && GtQ[p,0] && LtQ[m,-1]
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Rules for integrands of the form (f x)~"m (d+e x~2)~p (a+b arccosh(c x))~n

Int[ (F_.*x_) m_»(d1l_+el_.#x_) p_x(d2_+e2_.*x_)"p_x(a_.+b_.*ArcCosh[c_.*x_])~n_.,x_Symbol] :=
(‘F*x) A(m+1) » (d1+elxx) “px (d2+e2xx) *px* (a+bxArcCosh[cxx]) "n/(f* (m+1) ) -
2xe1xe2xp/ (F 2% (m+l) ) xInt[ (F4x)~ (M+2) # (d1+elxx)~ (p-1) » (d2+e2xx) " (p-1) » (a+bxArcCosh[c#x]) *n,x] -
bxcxn/ (Fx (m+1) ) +Simp[ (d1+elsx) Ap/ (1+C#X) Ap]+Simp[ (d2+e2xx)"p/ (-1+C*X)"p]*
Int [ (fxx)"(mel) x (L+cxx)~ (p-1/2) * (-1+CxX) ~ (p-1/2) » (a+bxArcCosh[cxx] )~ (n-1) ,x] /;
FreeQ[{a,b,c,d1,e1,d2,e2,f},x]| && EqQ[el,c»dl] & EqQ[e2,-c*d2] && GtQ[n,0] && GtQ[p,0] && LtQ[m,-1]

X: J(-Fx)m(d+ex2)p(a+bAr‘cCosh[cx])"d1x when c?d+e=0 AnN>0 Am>1Am+2p+1#0 AmMeZ

Rule: If c2d+e=0a n>0/\m>1Am+2p+1;&0AmeZ,then

j(fX)m (d+exz)p (a+bArcCosh[cx])"dx —

f(f x)'"'1 (d+e xz)p+1 (a+bArcCosh[cx])"

+
e(m+2p+1)
f2 (m-1
#J‘(fx)m'2 (d+ex?)? (a+bArcCosh[cx])"dx -
c2(m+2p+1)
bfn (d+ex?)?

cm+2p+1) (L+cx)? (-1+cx)P

J(fx) m-1 (_1 + C2 X2)P+§— (a+ b ArcCosh [cx]) n-t dx

Program code:

(* Int[(f_.*x_) m_x(d_+e_.*x_"2)"p_x(a_.+b_.xArcCosh[c_.xx_]) n_.,x_Symbol] :=
Fx (Fax) A (m-1) » (d+exx*2) ~ (p+1) * (a+bxArcCosh[c*X]) *n/ (ex (M+2xp+1)) +
F 2% (M-1) / (€2 (M+2xp+1) ) xInt[ (Fxx)~ (M-2) » (d+exx"2) "px (a+bxArcCosh[cxx]) *n,x]| -
bxfxn/ (Cx (M+2xp+1) ) *Simp [ (d+exx"2) *p/ ( (1+C*X) *p* (-1+CxX) ~p) ] *
Int[(-F*x)"(m—l)*(—1+c"2*x"2)"(p+1/2)*(a+b*Ar‘cCosh[c*x])"(n—1),x] /8
FreeQ[{a,b,c,d,e,f,p},x] & EqQ[c"2+d+e,0] & GtQ[n,0] && EqQ[n,1] & IGtQ[p+1/2,0] && IGtQ[(m-1)/2,0] *)
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Rules for integrands of the form (f x)~"m (d+e x~2)~p (a+b arccosh(c x))~n

X: J(-Fx)"' (d+ex*)? (a+bArcCosh[cx])"dx when c’d+e=@ ANn>0 Ap<-1Am>1

Derivation: Integration by parts

2\ P+l
Basis: X (d +e x2> P .. 5, (d+ex?)"

2e (p+1)

Rule: If c2d+e=0 An>0 A p<-1A m>1,then

J(fx)"' (d+ex?)? (a+bArcCosh[cx])"dx —

f (fx) n-1 (d+e xz)"+1 (a+bArcCosh[cx])"

2e (p+1)
2 (m-1)
2e (p+1)
bfn (d+ex?)’
2c (p+1) (1+cx)?P (-1+cx)P

J(f X)m_2 (d+e xz)p+1 (a+bArcCosh[cx])"dx -

J(f x)""1 (1+ cx)""; (-1 + cx)”"; (a+bArcCosh[cx])"?dx

Program code:

(*» Int[(f_.*x_)"m_x(d_+e_.*x_"2)"p_x(a_.+b_.*ArcCosh[c_.*x_])"n_.,x_Symbol] :=
Fx (Fax)~ (m-1) » (d+exx"2) ~ (p+1)  (a+bxArcCosh[c#x]) *n/ (2xex (p+1)) -
F 2% (M-1) / (2xex (p+1) ) »Int[ (fxx) " (M-2) » (d+exx"2) ~ (p+1) » (a+bxArcCosh[c*x]) ~n,x| -
bxfxn/ (2xcx (p+1) ) *Simp [ (d+e*xx"2) *p/ ( (1+C*X) *p* (-1+C*xX) ~p) ] *
Int[ (F*x)"(m-1) # (1+C#X) " (p+1/2) * (-1+C*X) ~ (p+1/2) » (a+bxArcCosh[c*x]) ~ (n-1) ,x] /;
FreeQ[{a,b,c,d,e,f},x] && EqQ[c"2«d+e,@] & GtQ[n,0] && EqQ[n,1] & ILtQ[p-1/2,0] && IGtQ[(m-1)/2,0] *)

2: J(-Fx)'" (d+ex?)? (a+bArcCosh[cx])"dx when c>d+e=0 AnN>0 Ap>0 Am¢-1

Derivation: Inverted integration by parts

Rule: If c2d+e=0An>0 A p>0/\m¢-1,then
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Rules for integrands of the form (f x)~"m (d+e x~2)~p (a+b arccosh(c x))~n

J(fx)m (d+eX2)p (a+bArcCosh[cx])"dx —

(Fx)™* (d+ex?)P (a+bArcCosh[cx])"

.
f(m+2p+1)

2dp
m+2p+1

bcn (d+ex?)?

J(fx)m (d+exz)p_1 (a+bArcCosh[cx])"dx -

fFm+2p+1) (1 (1 )pj(fx)m+1 (1+CX)P—§(_1+cx)p—§ (a + bArcCosh[c x])"* dx
m+2p+ +CX)P (-1+cx

Program code:

Int[(f_.#x_)" m_x(d_+e_.*x_"2)"p_.*(a_.+b_.*ArcCosh[c_.xx_])"n_.,x_Symbol] :=
(‘F*x) A(m+1) » (d+exx”2) *px (a+bxArcCosh[c*x]) "n/ (‘F* (M+2xp+1) ) +
2xd*p/ (m+2xp+1) »Int [ (F*x) *mx (d+exx"2) ~ (p-1) * (a+b*ArcCosh[cxx]) *n,x]| -
b*c*n/(f*(m+2*p+1))*simp[(d+e*xA2)Ap/((1+c*x)Ap*(—1+c*x)Ap)]*
Int[ (f*x)"(mel)# (1+CxxX) N (P-1/2) * (-1+C*X) ~ (p-1/2) » (a+bxArcCosh[c*x]) ~ (n-1) ,x] /;
FreeQ[{a,b,c,d,e,f,m},x] & EqQ[c"2xd+e,0] && GtQ[n,0] && GtQ[p,0] & Not[LtQ[m,-1]]

Int[ (F_.*x_) m_x(d1l_+el_.#x_) p_x(d2_+e2_.*x_)"p_x(a_.+b_.*ArcCosh[c_.*x_])" n_.,x_Symbol]| :=
(Fxx) A (m+1) * (d1+elxx) "p* (d2+e2xX) “p* (a+bxArcCosh[cxx]) ~n/ (fx (m+24p+1)) +
2+d1xd2+p/ (m+2+p+1) Int [ (F*x) Amx (d1+elxx)” (p-1) » (d2+e2#X) ~ (p-1) » (a+b*ArcCosh[cxx]) "n,x] =
b*c*n/(-F* (M+2xp+1) ) *Simp [ (d1l+elxx)p/ (1+CxXx)*p]*Simp[ (d2+e2xx)*p/ (-1+CxX) " p]*
Int[ (F*x)"(mel)* (1+CHX) " (P-1/2) * (-1+C*X) ~ (p-1/2) » (a+bxArcCosh[c*x]) ~ (n-1) ,x] /;
FreeQ[{a,b,c,d1,e1,d2,e2,f,m},x] & EqQ[el,cxdl] && EqQ[e2,-cxd2] & GtQ[n,0] && GtQ[p,8] & Not[LtQ[m,-1]]

4: J(fx)"' (d+ex2)p (a+bArcCosh[cx])"dx when c?d+e=0 An>0 Am+1eZ"

Rule: If c2d+e=0 A n>aAm+1ez-,then

J(fx)m (d+ex?)? (a+bArcCosh[cx])"dx —

(fx)™* (d +ex2)P! (a+bArcCosh[cx])"

+

df (m+1)
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Rules for integrands of the form (f x)~"m (d+e x~2)~p (a+b arccosh(c x))~n

c2(m+2p+3)
2 (m+1)

bcn (d+ex2)p

J‘(Fx)m+2 (d+ex*)? (a+bArcCosh[cx])"dx +

D @ Ny )pj(fx)"”l (1+cx)"*§' (—1+cx)"+;' (a +bArcCosh[cx])"!dx
m + +CcX)P (-1+cx

Programcode:

Int[(f_.#x_) m_(d_+e_.*x_"2)"p_x(a_.+b_.*ArcCosh[c_.*x_])"n_.,x_Symbol] :=
(‘F*x) A(m+1) x (d+exx”2) ~ (p+1) * (a+bxArcCosh[cxx]) "n/(d*‘F* (m+1) ) +
€ 2% (m+24p+3) /(F22% (m+1) ) +Int [ (Fxx) " (m+2) » (d+exx"2) *p* (a+bxArcCosh[cxx])*n,x] +
bxcxn/ (Fx (m+1) ) +Simp[ (d+exx"2) Ap/ ((1+C*X) Ap* (-1+C*X) "p) ] *
Int[ (F*x)"(Mel)# (14CxxX) N (p+1/2) * (-1+C*X) ~ (p+1/2) » (a+bxArcCosh[c*x]) ~ (n-1) ,x] /;
FreeQ[{a,b,c,d,e,f,p},x] & EqQ[c"2xd+e,0] & GtQ[n,0] && ILtQ[m,-1]

Int[ (F_.*x_) m_x(d1l_+el_.#x_) p_x(d2_+e2_.*X_)"p_x(a_.+b_.xArcCosh[c_.*x_]) n_.,x_Symbol] :=
('F*X) A(m+1) * (d1+elxx)~ (p+1) * (d2+e2xXx) ~ (p+1) * (a+bxArcCosh[c*x]) "n/(dl*dZ*f* (m+1) ) +
C 2% (m+2*p+3)/(f"2* (m+1) ) #Int [ (Fxx)" (M+2) » (d1+elxx) “p* (d2+e2xX) “p* (a+bxArcCosh[cxx]) ~n,x] +
bxcxn/(fx (m+1) ) +Simp[ (d1+elsx) *p/ (1+C#X) "p]+Simp [ (d2+e2xx)"p/ (-1+C*X)"p]*
Int[ (F*x)"(mel)* (1+CxX) " (p+1/2) * (-1+C*X) ~ (p+1/2) » (a+bxArcCosh[c*x])~ (n-1) ,x] /;
FreeQ[{a,b,c,d1,e1,d2,e2,f,p},x] && EqQ[el,cxdl] && EqQ[e2,-cxd2] && GtQ[n,0] && ILtQ[m,-1]

5. J(fx)'" (d+ex*)? (a+bArcCosh[cx])"dx when c>d+e=@0 AN>0 Ap<-1AMmezZ

1: J(-Fx)'" (d+ex?)” (a+bArcCosh[cx])"dx when c’d+e=@ AN>0 A p<-1Am-1ez*

Derivation: Integration by parts

. d 2 p+1
Basis: x (d + e x?) P - 64 (drex?)

2e (p+1)

Rule: If c2d+e=-0An>0Ap<-1 Am—leZ*,then

J(fX)m (d+ex*)? (a+bArcCosh[cx])"dx —

f(Fx)"* (d+ex?)?" (a+bArcCosh[cx])"

2e (p+1)
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Rules for integrands of the form (f x)~"m (d+e x~2)~p (a+b arccosh(c x))~n 16

2 (m-1)
2e (p+1)
bfn (d+ex?)’

J(f X)m_2 (d+e Xz)p+1 (a + bArcCosh[cx])"dx -

2c(p+1) (1 )P (-1 )pj(fx)m_l (1+cx)P*T (-1 +cx)P*T (a+bArcCosh[cx])"?dx
c(p+ +CX -1+cX

Program code:

Int[ (f_.»x_)"m_%(d_+e_.#x_"2)"p_*(a_.+b_.*ArcCosh[c_.xx_])"n_.,x_Symbol] :=
fx (Fax) A (m-1) » (d+exx"2) ~ (p+1) » (a+bxArcCosh[cxx]) ~n/ (2xex (p+1)) -
F 2% (M-1) / (2xex (p+1) ) »Int[ (fxx)~ (M-2) « (d+exx"2) ~ (p+1) » (a+bxArcCosh[c*x]) “n,x| -
bxfxn/ (2xCx (p+1) ) *Simp [ (d+e*x"2) *p/ ( (1+C*X) *p* (-1+C*xX) *p) ] *
Int[ (F*x)"(m-1) # (1+C#X) ~ (p+1/2) * (-1+C*X) ~ (p+1/2) » (a+bxArcCosh[c*x]) ~ (n-1) ,x] /;
FreeQ[{a,b,c,d,e,f},x] && EqQ[c"2+d+e,®] & GtQ[n,0] && LtQ[p,-1] && IGtQ[m,1]

Int[ (f_.*x_)"m_(d1_+el_.xx_)"p_*(d2_+e2_.#x_)"p_x(a_.+b_.*ArcCosh[c_.+x_])"n_.,x_Symbol] :=
Fa (Fxx) A (M-1) % (d1+elxx) ~ (p+1) » (d2+e2#X) ~ (p+1) » (a+bxArcCosh[cxx]) *n/ (2+elxe2x (p+1)) -
F 2% (M-1) / (2xelxe2x (p+1) ) »Int[ (Fxx) " (M-2)  (dl+elsx) " (p+1) » (d2+€2xX) ~ (p+1) » (a+bxArcCosh[c#x]) ~n,x] -
bxfxn/ (2xcx (p+1) ) *Simp[ (d1l+elxx)*p/ (1+c*x) *p]*Simp[ (d2+e2xx)*p/ (-1+CcxX) " p] *
Int[ (F*x)"(m-1) # (1+C#X) " (p+1/2) * (-1+C*X) ~ (p+1/2) » (a+bxArcCosh[cxx]) ~ (n-1) ,x] /;
FreeQ[{a,b,c,d1,e1,d2,e2,f},x] & EqQ[el,c+d1l] & EqQ[e2,-c+d2] & GtQ[n,0] && LtQ[p,-1] && IGtQ[m,1]



Rules for integrands of the form (f x)~"m (d+e x~2)~p (a+b arccosh(c x))~n

2: J(-Fx)'" (d+ex?)? (a+bArcCosh[cx])"dx when c’d+e=@ AN>0 A p<-1Amez"

Rule: If c2d+e=0An>0Ap<-1A meZ‘,then

j(fx)m (d+eX2)ID (a+bArcCosh[cx])"dx —

(F£x)™* (d +ex2)P*! (a+bArcCosh[cx])"
- +

2df (p+1)

m+2p+3
2d (p+1)

bcn (d+ex2)p

j(fX)m (d+ex2)p+1 (a+bArcCosh[cx])"dx -

toD @ o )pJXfx)ml(1+cx)“§(-1+cx)“§(a+bArdmshux])“1dx
p+ +CX -1+cx

Program code:

Int[(f_.*x_)" m_x(d_+e_.*x_"2)"p_x(a_.+b_.*ArcCosh[c_.*x_])"n_.,x_Symbol] :=
- (F*x) A (m+1) » (d+exx"2) A (p+1) * (a+bxArcCosh[cxx]) An/ (2+dxfx (p+1) ) +
(M+24p+3) / (2%dx (p+1) ) *Int [ (Fx) ~m# (d+exx"2) ~ (p+1) » (a+bxArcCosh[c*x]) ~n,x]| -
b*c*n/(Z*'F* (p+1) ) *Simp [ (d+e*x”2) *p/ ( (1+C*X) *p* (-1+C*xX) ~p) ] *
Int[ (F*x)"(mel)# (1+CHX) " (p+1/2) * (-1+C*X) ~ (p+1/2) » (a+bxArcCosh[c*x]) ~ (n-1) ,x] /;
FreeQ[{a,b,c,d,e,f,m},x] & EqQ[c"2+d+e,0] & GtQ[n,0] && LtQ[p,-1] && Not[GtQ[m,1]] & (IntegerQ[m] || IntegerQ[p] || EqQ[n,1])

Int[ (F_.*x_) m_x(d1l_+el_.#x_) p_x(d2_+e2_.*x_)"p_x(a_.+b_.*ArcCosh[c_.*x_])~n_.,x_Symbol] :=
- ('F*X) A(M+1) * (d1+elxx)” (p+1) » (d2+e2xx) ~ (p+1) » (a+bxArcCosh[c*x] )"n/(Z*dl*dZ*'F* (p+1) ) +
(m+2%p+3) / (2%d1xd2 (p+1) ) *Int [ ('F*x) mx (dl+elxx)” (p+1) » (d2+e2xx) ~ (p+1) » (a+bxArcCosh [c*xXx] )"n,x] -
bxcxn/(2+Fx (p+1) ) #Simp[ (d1+elxx) Ap/ (1+C#X) *p]+Simp [ (d2+e2xx)"p/ (-1+C*X) p]*
Int[ (F*x)"(mel) # (1+CxX) N (p+1/2) # (-1+C*X) A (p+1/2) » (a+bxArcCosh[cxx]) ~ (n-1) ,x] /;
FreeQ[{a,b,c,d1,e1,d2,e2,f,m},x] & EqQ[el,cxdl] & EqQ[e2,-cxd2] & GtQ[n,0] && LtQ[p,-1] & Not[GtQ[m,1]] && (IntegerQ[m] || EqQ[n,1])
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Rules for integrands of the form (f x)~"m (d+e x~2)~p (a+b arccosh(c x))~n

6: J~(1=x)'"(d+ex2)p (a+bArcCosh[cx])"dx when c?’d+e=0 AnN>0 Am-1€Z*Am+2p+1+0

Derivation: Inverted integration by parts

Rule: If c2d+e=0An>eam-1ez*Am+2p+1s0,then

J(fx)m (d+eX2)p (a+bArcCosh[cx])"dx —

f(f x)'"'1 (d+e x2)ID+1 (a +bArcCosh[cx])"

+
e(m+2p+1)

2 (m-1
SED ) (44 ext)” 2+ bArccoshex))ax-
2 (m+2p+1)
bfn (d+ex?)’

cm+2p+1) (L+cx)P? (-1+cx)P

j(f x)m’1 (1+ cx)"*§ (-1+ cx)"*§ (a +bArcCosh[cx])"!dx

Program code:

Int[(f_.*x_)" m_x(d_+e_.*x_"2)"p_x(a_.+b_.*ArcCosh[c_.*x_])"n_.,x_Symbol] :=
Fx (Fax) A (m-1) » (d+exx*2) ~ (p+1) * (a+bxArcCosh[cxx]) ~n/ (ex (M+2xp+1)) +
FA2% (M-1) / (€72 (M+2xp+1) ) xInt[ (Fxx)~ (M-2) » (d+exx"2) "px (a+b*ArcCosh[cxx]) *n,x]| -
bxfxn/ (cx (M+2xp+1) ) *Simp [ (d+e*x"*2) *p/ ( (L+C*X) *p* (-1+CxX) *p) ] *
Int[ (f*x)"(m-1) # (1+C#X) ~ (p+1/2) * (-1+C*X) ~ (p+1/2) » (a+bxArcCosh[c*x]) ~ (n-1) ,x] /;
FreeQ[{a,b,c,d,e,f,p},x] & EqQ[c"2+d+e,0] & GtQ[n,0] && IGtQ[m,1] && NeQ[m+2xp+1,0]

Int[ (F_.*x_) m_%(d1l_+el_.#x_) p_x(d2_+e2_.*X_)"p_x(a_.+b_.*ArcCosh[c_.*x_]) n_.,x_Symbol] :=
f*(f*x)A(m—l)*(d1+e1*x)A(p+1)*(d2+e2*x)A(p+1)*(a+b*ArcCosh[c*x])An/(el*ez*(m+2*p+1)) +
FA2x (M-1) / (€72 (M+2#p+1) ) xInt [ (FxX)~ (M-2) * (d1+elxX) "px (d2+e2#X) "p* (a+b*ArcCosh[cxx])*n,x] -
bxfxn/ (cx (m+2xp+1) ) *Simp [ (d1l+elxx)*p/ (1+c*Xx) *p]*Simp[ (d2+e2xx) *p/ (-1+Cc*X)*p]*
Int[ (F*x)"(m-1) * (1+C#X) ~ (p+1/2) * (-1+C*X) ~ (p+1/2) » (a+bxArcCosh[c*x]) ~ (n-1) ,x] /;
FreeQ[{a,b,c,d1,e1,d2,e2,f,p},x] && EqQ[el,cxdl] && EqQ[e2,-cxd2] & GtQ[n,0] && IGtQ[m,1] && NeQ[m+2xp+1,0]
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Rules for integrands of the form (f x)~"m (d+e x~2)~p (a+b arccosh(c x))~n

2. J(-Fx)'" (d+ex*)? (a+bArcCosh[cx])"dx when c>d+e=0 A n<-1

1: J(fx)"‘ (d+ex*)? (a+bArcCosh[cx])"dx when c>d+e=@ An<-1 Am+2p+1=0

Derivation: Integration by parts and piecewise constant extraction

. +1
Basis: (a+b ArcCosh[c x])" B (a+b ArcCosh[c x])"
vV 1+cx A/-1+cx x bc (n+l)

fm (fx)m? (d+ex2)p

Basis: If c2d+e == 0 A m+2p+1::@,thenax((fx)’"\/1+cx V-1+cx (d+ex2)p) =
vV 1+cx A/-1+cx

(d+ex2>p
l+cx)P (-1+cx)P

::@

Basis: If c?2d + e == 0, then 64 <
Rule:if c2’d+e=0 An<-1Am+2p+1-=20,then

J(fx)m (d+ex?)? (a+bArcCosh[cx])"dx —

(fx)mV1+cx V-1+cx (d+ex?)? (a+bArcCosh[cx])™?*

+

bc (n+1)
fm (d+ex?)?
bc(n+1) (1+cx)P (-1+cx)P

~f(f x)" (14 cx)PT (-1+cx)PT (a+bArcCosh[cx])™?! dx

Program code:

Int[(F_.*x_)™m_.(d_+e_.*x_"2)"p_.*(a_.+b_.*ArcCosh[c_.xx_])"n_,x_Symbol] :=
(F#x) "m+Simp [Sqrt [1+c+x]+Sqrt[-1+cxX]* (d+exx"2)~p]+ (a+bxArcCosh[cxx])(n+1)/ (bxcx (n+1)) +
fxm/ (bxcx (N+1) ) *Simp [ (d+exx"2) *p/ ( (1+C*X) *p* (-1+C*X) *p) ] *
Int[ (f*x)"(m-1) # (1+C#X) ~ (p-1/2) * (-1+C*X) ~ (p-1/2) » (a+bxArcCosh[c*x]) ~ (n+1) ,x] /;
FreeQ[{a,b,c,d,e,f,m,p},x] & EqQ[c 2xd+e,0] && LtQ[n,-1] & EqQ[m+2xp+1,0]



Rules for integrands of the form (f x)~"m (d+e x~2)~p (a+b arccosh(c x))~n

Int[ (F_.#x_)™m_.x(d1_+el_.»x_)"p_x(d2_+e2_.xXx_)"p_*(a_.+b_.xArcCosh[c_.xx_])"n_,x_Symbol] :=
(‘F*x) AmxSimp [Sqrt[1+cxXx] *Sqrt[-1+cxX] * (dl+elxx) *p]» (d2+e2xXx) “px (a+bxArcCosh[cxx])”~ (n+1) / (bxcx (n+1)) +
fxm/ (bxcx (n+1) ) *Simp [ (dl+elxx) p/ (1+C*Xx) *p]*Simp[ (d2+e2xx) *p/ (-1+C*X) *p]*
Int[ (F*x)"(m-1) # (1+CxX) " (p-1/2) * (-1+C*X) ~ (p-1/2) » (a+bxArcCosh [cxx]) ~ (n+1) ,x]| /;
FreeQ[{a,b,c,d1,e1,d2,e2,f,m,p},x] & EqQ[el,cxd1l] && EqQ[e2,-cxd2] & LtQ[n,-1] & EqQ[m+2xp+1,0]

2: J(fx)'" (d+ex*)? (a+bArcCosh[cx])"dx when c’d+e=0 An<-1A2peZ*Am+2p+1#80

Derivation: Integration by parts and piecewise constant extraction

(a+b ArcCosh[cx])" ) (a+b ArcCosh[c x]) "1
== Ox

Basis:
V1+cx v/-1+cx bc (n+l)

Basis: If c?2d + e == 0, then

fm (fx)"?! (d+e x2)p c? (m+2p+1) (Fx)™?! (d+e XZ)p

mn 2\ P} __
X(<-FX> \/1+CX \/_1+CX <d+ex> ) o V1+cx \/—1+cx f/1lrcx v/ -1+cx

+ 2)P
Basis: If c>d + e == @, then Oy - (drex’) -

1+cx)P (-1+cx)P

1
Basis: If p + > € z, then (1+cx)P 2 (-1+cx)P2 = (-1+c2x?)P2

Rule:if c?’d+e=0 An<-1A2peZ*Am+2p+1%0,then

J(-Fx)'" (d +ex?)? (a+bArcCosh[cx])"dx —

(fx)mV1+cx V-1+cx (d+ex?)? (a+bArcCosh[cx])"™*

+
bc (n+1)

dx -

fm J~(1=x)'"'1 (d+ex?)? (a+bArcCosh[cx])™?*

be (n+1) Yi+ex V-1+cx

c(m+2p+1) (£x)™* (d +ex?)P (a+bArcCosh[cx])"?
bf (n+1)

dx —

\/1+cx ’\/—1+CX

20



Rules for integrands of the form (f x)~"m (d+e x~2)~p (a+b arccosh(c x))~n

(fx)mV1+cx V-1+cx (d+ex?)” (a+bArcCosh[cx])"*

+

bc (n+1)
fm (d+ex2)p

J(fx)m_l (1+cx)"‘§‘ (-1+cx)"‘§ (a +bArcCosh[cx])™!dx -
bc(n+1) (1+cx)? (-1+cx)P
c(m+2p+1) (d+ex?)? .

J(f x)m+1 (L+ecx)Pz (-1+ cx)"‘§ (a +bArcCosh[cx])™!dx

bf (n+1) (1+cx)P (-1+cx)P

Program code:

Int[(f_.*x_)™m_.x(d_+e_.*x_"2)"p_.*(a_.+b_.*ArcCosh[c_.xx_])"n_,x_Symbol]| :=
('F*x) AmxSimp [Sqrt[1+cxx] *Sqrt[-1+cxX] * (d+exx"2) ~p]* (a+bxArcCosh[cxx]) " (n+1) / (bxC* (n+1)) +
fxm/ (bxcx (n+1) ) *Simp [ (d+exx"2) *p/ ( (1+C*X) *p* (-1+CxX) *p) ] *
Int[ (f*x)"(m-1)# (1+CX) " (p-1/2) * (-1+C*X) ~ (p-1/2) » (a+bxArcCosh[cxx]) ~ (n+1) ,x]| -
Cx (m+2*p+1)/(b*f* (n+1) ) *Simp [ (d+e*x”2) *p/ ( (1+C*X) *p* (-1+CxX) *p) ] *
Int[ (F*x)"(mel)* (1+CHX) " (P-1/2) * (-1+C*X) ~ (p-1/2) » (a+bxArcCosh[c*x]) ~ (n+1) ,x] /;
FreeQ[{a,b,c,d,e,f,m,p},x]| & EqQ[c 2xd+e,0] && LtQ[n,-1] & IGtQ[2%p,0] & NeQ[m+2xp+1,0] && IGtQ[m,-3]

Int[(F_.*x_)™m_.x(d1_+el_.»x_)"p_x(d2_+e2_.xXx_)"p_*(a_.+b_.xArcCosh[c_.xx_])"n_,x_Symbol] :=
(F#x) *mxSQrt [1+cxx] #Sqrt[-1+cxX] * (d1+elxx) *px (d2+e2#X) “px (a+b*ArcCosh[cxx])~ (n+1) / (bxcx (n+1)) +
fxm/ (bxCx (n+1) ) *Simp [ (d1+elxx)~*p/ (1+CxX)*p] *Simp[ (d2+e2xXx) *p/ (-1+C*X) *p] *
Int[ (f*x)"(m-1) # (-1+C 2%Xx"2) ~ (p-1/2) » (a+bxArcCosh[cxx]) ~ (n+1) ,x] -
C* (m+2*p+1)/(b*f* (n+1) ) *Simp [ (d1+elxx) p/ (1+cxX) p]*Simp[ (d2+e2xx)*p/ (-1+CxX) *p] *
Int[(-F*x)"(m+1)*(—1+c"2*x"2)"(p—1/2)*(a+b*Ar‘cCosh[c*x])"(n+1),x] /8

FreeQ[{a,b,c,d1,e1,d2,e2,f,m,p},x] & EqQ[el,cxd1l] && EqQ[e2,-cxd2] && LtQ[n,-1] & IGtQ[p+1/2,0] && NeQ[m+2xp+1,0] && IGtQ[m,-3]

3: J(fx)m (d+ex?)? (a+bArcCosh[cx])"dx when c>’d+e=0 An<-1Ap$0 A p;e—%

Derivation: Integration by parts and piecewise constant extraction

‘e. (a+bArcCoshcx])" (a+b ArcCosh[c x]) ™1
Basis =0
' 1icx v/ -1rcx x bc (n+l)
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Rules for integrands of the form (f x)~"m (d+e x~2)~p (a+b arccosh(c x))~n

Basis: If c2d + e == O,thenax<(fx)’“\/1+cx V-1+cx (d+ex2)p) ==

c2 (2p+1) (Fx)™?! (d+ex?)®

fmEFEx)"1\/1+cx V/-1+cxX (d+ex2)p+ A N
+C X -1+C X

+ 2)P
Basis: If c?d + e == @, then 6y ( ldrex’) =

1+cx)P (-1+cx)P

1
Basis: If p + 1 € 7, then (1+cx)P2 (~1+cx)P 2 == (-1+c2x?)P

Rule:If c>d+e =@ An<-1Ap#0@Ap#-3,then

J(fx)"‘ (d+ex*)? (a+bArcCosh[cx])"dx

(fX)m'\/1+cx V-1+cx (d+eX2)p (a+bArcCosh[cx])"?
B -

bc (n+1)

fm
bc (n+1)

J(fx)m'1V1+cx V-1+cx (d+ex*)P (a+bArcCosh[cx])"*dx -

c(2p+1) J-(-Fx)"|+1 (d+ex?)? (a+bArcCosh[cx])"*
dx

bf (n+1) Vi+ex V-1+cx

(fx)mV1+cx V-1+cx (d+ex?)? (a+bArcCosh[cx])"*
_ _

bc (n+1)

fm (d+ex?)P
bc(n+1) (1+cx)? (-1+cx)P
c(2p+1) (d+ex?)?

f(f x)"t(1+c X)P*T (=1 + ¢ x)P*7 (a + b ArcCosh[c x]) ™ dx -

bf (n+1) (1 )P (-1 )loj(f)()"”1 (1+cx)P7 (-1+cx)P7 (a+bArcCosh[cx]) ™! dx
n+ +CX -1+CX

Program code:

22



Rules for integrands of the form (f x)~"m (d+e x~2)~p (a+b arccosh(c x))~n

(* Int[(f_.#x_) m_.+(d_+e_.#x_"2)"p_.x(a_.+b_.xArcCosh[c_.+x_])"n_,x_Symbol] :=
(F#x) *mxSimp [SGrt [1+CcxX] *Sqrt[-1+c*x] * (d+exx2) ~p] * (a+bxArcCosh[cxx]) (n+1) / (bxcx (n+1)) -
fxm/ (bxcx (n+1) ) *Simp [ (d+e*xx"2) *p/ ( (1+C*X) *p* (-1+C*xX) *p) ] *
Int[ (F*x)"(m-1)# (1+C#X) " (p+1/2) * (-1+C*X) ~ (p+1/2) » (a+bxArcCosh[cxx]) ~ (n+1) ,x]| -
C* (2*p+1)/(b*'F* (n+1) ) *Simp [ (d+e*x”2) *p/ ((1+C*X) *p* (-1+C*xX) ~p) ] *
Int[ (F*x)"(mel)# (1+CxX) N (P-1/2) * (-1+C*X) ~ (p-1/2) » (a+bxArcCosh[cxx]) ~ (n+1) ,x] /;
FreeQ[{a,b,c,d,e,f,m,p},x| & EqQ[c 2xd+e,0] && LtQ[n,-1] & NeQ[p,-1/2] && IntegerQ[2+p] && IGtQ[m,-3] x)

(» Int[(F_.#x_) m_.#(d1l_+el_.xx_)"p_*(d2_+e2_.+x_)"p_x(a_.+b_.*ArcCosh[c_.*x_])"n_,x_Symbol] :=
(f*x) Am*xSqrt [1+cxXx] *Sqrt [-1+c*x] * (d1+elxXx) *px (d2+e2xX) “p» (a+bxArcCosh[c*x] )~ (n+1) / (bxcx (n+1)) -
fxm/ (bxcx (n+1) ) *Simp [ (d1l+elxx) *p/ (1+C*Xx) *p] *Simp[ (d2+e2xx) ~*p/ (-1+CxX) "p]*

Int[ (f*x)"(m-1) # (-1+C 2%x"2) ~ (p+1/2) » (a+bxArcCosh[c#x]) ~ (n+1) ,x] -
C* (2*p+1)/(b*f* (n+1) ) *Simp [ (d1+elxx)*p/ (1+c*x)p]*Simp[ (d2+e2xx) " p/ (-1+CxX) " p] *
Int[ (F*x)"(m+l)# (-1+C 2%Xx"2) ~ (p-1/2) » (a+bxArcCosh[cxx]) ~ (n+1) ,x] /;

FreeQ[{a,b,c,d1,e1,d2,e2,f,m,p},x] & EqQ[el,cxd1] & EqQ[e2,-cxd2] && LtQ[n,-1] & ILtQ[p+1/2,0] && IGtQ[m,-3] =)
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Rules for integrands of the form (f x)~"m (d+e x~2)~p (a+b arccosh(c x))~n

(Fx)" (a+bArcCosh[cx])"
3.J dx when c>d+e==0

Vd+ex?
. J-(fx)m (a+bArcCosh[cx])"

Vd+ex?

. J(fx)'" (a+bArcCosh[cx])"

Vd+ex?

dx when c2d+e=0 A n>0

dx when c2d+e=0 An>0 Am-1ez*

Rule: If c2d+e=0 A n>0/\m—1ez+,then

J(-Fx)m (a+bArcCosh[cx])"
d
Vd+ex?
f(fx)"*Vd+ex? (a+bArcCosh[cx])"

em

bfnVi+cx V-1+cx

2 (m-1) J(Fx)""2 (a + bArcCosh[cx])"
Vd+ex?

(f x)""1 (a +bArcCosh[cx])"™*dx+
cZm

cmVd+ex?

Program code:

Int[(f_.*x_)"m_x(a_.+b_.xArcCosh[c_.xx_])"n_./Sqrt[d_+e_.*x_"2],x_Symbol] :=
fx (Fxx) A (m-1) xSqrt [d+exx"2] » (a+bxArcCosh[cxx])~n/ (exm) -
bxfxn/ (cxm) +Simp [Sqrt [1+cx]+Sqrt[-1+cxx]/Sqrt[d+exx 2]]+Int [ (fxx)~ (m-1) x (a+bxArcCosh[cxx])"(n-1),x] +
A2 (m-1) / (c~2xm) »Int [ (f*x) " (m-2) « (a+bxArcCosh[cxx]) ~*n/Sqrt [d+exx"2],x] /;

FreeQ[{a,b,c,d,e,f},x] && EqQ[c"2+d+e,8] & GtQ[n,0] && IGtQ[m,1]

Int[(f_.*x_)~m_x(a_.+b_.xArcCosh[c_.xx_])"n_./(Sqrt[dl_+el_.sx_]Sqrt[d2_+e2_.xx_]),x_Symbol] :=
fx (Fxx)~ (m-1) xSqrt [d1+elsx] +Sqrt[d2+e2xx] » (a+bxArcCosh[cx])"n/ (elxe2xm) -
bxfxn/ (cxm) *Simp [Sqrt [1+c*x] /Sqrt[dl+elxx]]*Simp [Sqrt[-1+cxx]/Sqrt[d2+e2xx]]*
Int[ (f*x)~(m-1) * (a+bxArcCosh[c*x])~(n-1),x] +
A2 (m-1) / (c~2xm) »Int [ (f*x) " (m-2) » (a+bxArcCosh[c+x])~n/ (Sqrt[dl+elsx]«Sqrt[d2+e2+x]),x] /;
FreeQ[{a,b,c,d1,e1,d2,e2,f},x]| && EqQ[el,c»dl] & EqQ[e2,-cxd2] && GtQ[n,0] && IGtQ[m,1]

dx
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Rules for integrands of the form (f x)~"m (d+e x~2)~p (a+b arccosh(c x))~n

dx when c2d+e=0 AneZ*Amez

2 J~x (a + bArcCosh[cx])"

d+ex

Derivation: Piecewise constant extraction and integration by substitution

Basis: If c2d + e == 0, then o, Yiex Volex _ ¢

d+e x?

m

Basis: If m € Z,then —*— -

» X, ArcCosh[c x]] 8xArcCosh[c x]

Note: If nez*, then (a+bx)"coshx] is integrable in closed-form.

Rule:If c2d+e =0 A nhezZ*A me Z,then

x™ (a + bArcCosh[c x])" Vi+ex V-1+cx
J dx — Subst[J(a +bx)" Cosh[x]"dx, x, ArcCosh[c x]]
Vd+ex? c™vVd+ex?

Program code:

Int[x_"m_x(a_.+b_.*ArcCosh[c_.*x_])”n_./Sqrt[d_+e_.xx_"2],x_Symbol] :=
1/c” (m+1) *Simp [Sqrt[1+c*x] *Sqrt[-1+cxx]/Sqrt[d+e*x"2]]*
Subst [Int[ (a+bxXx)~nxCosh[x]”m,x],Xx,ArcCosh[c*x]] /;
FreeQ[{a,b,c,d,e},x] & & EqQ[c”*2xd+e,0] && IGtQ[n,0] &&% IntegerQ[m]

Int[x_"m_x(a_.+b_.*xArcCosh[c_.*x_]1)"n_./(Sqrt[dl_+el_.xx_]*Sqrt[d2_+e2_.xx_]),x_Symbol] :=
1/c” (m+1) *Simp [Sqrt[1+c*x] /Sqrt[dl+elxx]]*Simp[Sqrt[-1+cxx]/Sqrt[d2+e2xx]]*
Subst [Int[ (a+bxXx)*nxCosh[x]”m,x],x,ArcCosh[cxx]] /;
FreeQ[{a,b,c,d1,e1,d2,e2},x] && EqQ[el,cxdl] && EqQ[e2,-cxd2] && IGtQ[n,0] && IntegerQ[m]

(fx)" (a+bArcCosh[cx])
3:J dx when c?’d+e=0 A m¢Zz

Vd+ex?

Rule:If c2d+e =0 A m¢ Z,then

J(-Fx)"' (a+bArcCosh[cx])
dx —
Vd+ex?



Rules for integrands of the form (f x)~"m (d+e x~2)~p (a+b arccosh(c x))~n

A 1 1+m 3+m >
Hypergeometr1c2F1[—, > , €°X ] +
2 2 2

(fx)"”lm (a + bArcCosh[cx])
fFm+1) Vd+ex®

be (fx)™* V1 V-1
¢ (fx) tox tex HypergeometricPFQ[{1, 1+ Z1s T}, {§-+ 2, 2. T}, x|
2

f2(m+1) m+2) Vd+ex? 2 2

Program code:

Int[(f_.*x_)"m_%(a_.+b_.*ArcCosh[c_.*x_])/Sqrt[d_+e_.*x_"2],x_Symbol] :=
(Fxx)~ (me1) /(F (m+1) ) #Simp [Sqrt[1-c 24x"2] /Sqrt[d+exx 2] ]
(a+bxArcCosh [cxx] ) xHypergeometric2F1[1/2, (1+m) /2, (3+m) /2,C 2%xXx"2] +
bxcx (Fxx)~ (m+2) /(FA2% (m+1) # (M+2) ) Simp [Sqrt [1+cxX] +Sqrt[-1+cxx]/Sqrt[d+exx 2] ]
HypergeometricPFQ[ {1,1+m/2,1+m/2},{3/2+m/2,2+m/2},c 2%xx" 2] /;
FreeQ[{a,b,c,d,e,f,m},x] & EqQ[c"2xd+e,0] & Not[IntegerQ[m]]

Int[(f_.*x_)~m_x(a_.+b_.xArcCosh[c_.xx_])/(Sqrt[dl_+el_.xx_]Sqrt[d2_+e2_.+x_]),x_Symbol] :=
(Fxx) " (m+1) /(F* (m+1) ) #Simp [Sqrt[1-c 24x"2]/ (Sqrt[dl+elxx] *Sqrt[d2+e2+x]) ]+
(a+bxArcCosh [cxXx] ) xHypergeometric2F1[1/2, (1+m) /2, (3+m) /2,C 2xXx"2] +
bxcx (Fxx)~ (m+2) /(FA2 (m+1) # (M+2) ) +Simp [Sqrt[1+cxx]/Sqrt[dl+elxx]]+Simp[Sqrt[-1+cxx]/Sqrt[d2+e24x] ]+

HypergeometricPFQ[ {1,1+m/2,1+m/2},{3/2+m/2,2+m/2},c 2%xx" 2] /;
FreeQ[{a,b,c,d1,e1,d2,e2,f,m},x] & EqQ[el,cxdl] & EqQ[e2,-cxd2] & Not[IntegerQ[m]]
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Rules for integrands of the form (f x)~"m (d+e x~2)~p (a+b arccosh(c x))~n

dx when c2d+e==0 A n<-1

9 fo (a+bArcCosh[cx])"

d+ex

Derivation: Integration by parts and piecewise constant extraction

(a+b ArcCosh[cx])" __ 5 (a+b ArcCosh[c x])"™1
- X bc (n+l
1+cx v/ -1+cx ( )

Basis:

. - . -
Basis: If c2d + e == 0, then Ay (fx)"/1+cx lecx __ fm (Fx)™*+/1+cx 1+C X

A/ d+e x2 A/ d+e x2
Basis: If c2d + e = 09, then 9, Yirex v-1lwcx __ g
’ X A/ d+e x2

Rule:If c2d+e =0 A n< -1,then

dx

J\(-Fx)'" (a+bArcCosh[cx])"
Vd+ex?

(fx)"'(a+bArcCosh[cx])"*1V1+cx V-1+ecx fmVisex V-1+cx .
— - (x)"" (a+bArcCosh[cx])"*dx

bc(n+1) Vd+ex? bc(n+1) Vd+ex?

Program code:

Int[(f_.*x_)™m_.(a_.+b_.*ArcCosh[c_.*x_])"n_/Sqrt[d_+e_.*x_~2],x_Symbol] :=
(f*x) mx (a+bxArcCosh[cxx] )~ (n+1) / (bxc* (n+1) ) *Simp [Sqrt[1l+cxXx] *Sqrt[-1+c*x]/Sqrt[d+exx"2]] -
f*m/(b*c*(n+1))*Simp[Sqr‘t[1+c*x]*Sqrt[—1+c*x]/Sqr‘t[d+e*x"2]]*Int[(-F*x)"(m—l)*(a+b*Ar‘cCosh[c*x])"(n+1),x] /3
FreeQ[{a,b,c,d,e,f,m},x] & EqQ[c"2xd+e,0] && LtQ[n,-1]

Int[(f_.*x_)"m_.(a_.+b_.*ArcCosh[c_.+x_])"n_/ (Sqrt[dl_+el_.=x_]Sqrt[d2_+e2_.xx_]),x_Symbol] :=
(-F*x) “mx (a+bxArcCosh[c*x] )~ (n+1) / (bxc* (n+1) ) *Simp [Sqrt[l+cxXx]/Sqrt[dl+elxx]]*Simp[Sqrt[-1+cxx]/Sqrt[d2+e2xx]] -
fxm/ (bxcx (n+1) ) *Simp [Sqrt[1+cxx] /Sqrt[dl+elxx]]*Simp[Sqrt[-1+cxx]/Sqrt[d2+e2xx]]*
Int[ (f*x)~(m-1) » (a+bxArcCosh[c#x])~ (n+1),x] /;
FreeQ[{a,b,c,d1,e1,d2,e2,f,m},x] && EqQ[el,cxdl] & EqQ[e2,-cxd2] && LtQ[n,-1]
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Rules for integrands of the form (f x)~"m (d+e x~2)~p (a+b arccosh(c x))~n

4: Jx"‘ (d+ex*)? (a+bArcCosh[cx])"dx when c>d+e=0 A 2p+2€Z*A mez*

Derivation: Piecewise constant extraction and integration by substitution

. 5 B (d+ex?)P
Basis: If ¢ d + e == 0, then Oy (1rcx)P (_Licx)?

Basis:If 2pe€Z A me z,then
X" (1+cx)P (-1 +cx)P =

7 Subst {Cosh -2+ %]"sinh[-2+

ﬂ 2Pt x, a+bArcCosh[cx] | O (a+bArcCosh[cx])
Note:If 2p+2 e Z* A me Z",thenx cosh[-2+ X|"sinn[-2 . X]2"* is integrable in closed-form.

Rule:if c?’d+e =0 A 2p+2eZ"A meZ* then
Jx“‘ (d +ex?)? (a+bArcCosh[cx])"dx

(d+ex?)?
; pjx’" (1+cx)P (-1+cx)? (a+bArcCosh[cx])"dx
(1+cx)P (-1+cx)

—

(d+ex2)p

a xqm a  Xq2psl
Subst[ x" Cosh[—— + —] Sinh[—— + —] dx, X, a + bArcCosh[c x]]
bc™?! (1+cx)? (-1+cx)P b b b b

—

Program code:

Int[x_"m_.*(d_+e_.*x_"2)"p_.x(a_.+b_.*ArcCosh[c_.*x_])”n_.,x_Symbol]
1/ (bxc” (m+1) ) *Simp [ (d+e*x"*2) *p/ ( (1+C*X) "p* (-1+CxX) ~p) ] *
Subst [Int[x"nxCosh[-a/b+x/b] mxSinh[-a/b+x/b]" (2#p+1),X]|,X,a+bxArcCosh[c*x]] /;
FreeQ[{a,b,c,d,e,n},x] &% EqQ[c"2xd+e,0] & IGtQ[2xp+2,0] && IGtQ[m,0]

Int[x_"m_.x(dl_+el_.xx_)"p_.*(d2_+e2_.xx_)"p_.x(a_.+b_.*ArcCosh[c_.xx_])"n_.,x_Symbol]
1/ (bxc” (m+1) ) *Simp [ (d1+elxx)*p/ (1+CxX)*p] *Simp[ (d2+e2xx) *p/ (-1+CxX) *p] =
Subst [Int[x"nxCosh[-a/b+x/b] m«Sinh[-a/b+x/b]" (2#p+1),X],X,a+bxArcCosh[c*x]] /;

FreeQ[{a,b,c,d1,el,d2,e2,n},x] &% EqQ[el,cxdl] && EqQ[e2,-cxd2] && IGtQ[p+3/2,0] && IGtQ[m,Q]



Rules for integrands of the form (f x)~"m (d+e x~2)~p (a+b arccosh(c x))~n

m+1

5: J(fx)'" (d+ex*)? (a+bArcCosh[cx])"dx when c>d+e=0 A p+ %ez"A ez

Derivation: Algebraic expansion

Rule:If c>d+e =0 A p+3ez' A ™ ¢z, then
(a+bArcCosh[cx])"

Vd+ex?

J(f x)" (d+ex*)? (a+bArcCosh[cx])"dx — J ExpandIntegrand[(-F x)" (d+ exz)"*;, x] dx

Program code:
Int[(f_.#x_) m_(d_+e_.*x_"2)"p_x(a_.+b_.»ArcCosh[c_.*x_])"n_.,x_Symbol] :=
Int[ExpandIntegrand [ (a+bxArcCosh[c#x]) n/Sqrt[d+exx"2], (fxx) mx (d+exx*2)" (p+1/2),x],x] /;
FreeQ[{a,b,c,d,e,f,m,n},x] & EqQ[c 2xd+e,0] && IGtQ[p+1/2,0] & Not[IGtQ[(m+1)/2,0]] && (EqQ[m,-1] || EqQ[m,-2])
Int[ (F_.*x_) m_»(d1l_+el_.#x_) p_x(d2_+e2_.*x_)"p_x(a_.+b_.*ArcCosh[c_.*x_]) n_.,x_Symbol] :=
Int[ExpandIntegrand [ (a+bxArcCosh[c+x])~n/ (Sqrt[dl+elsx]+Sqrt[d2+e2xx]), (fxx) mx (dl+elsx)” (p+1/2)*(d2+e2xx)"(p+1/2),x],x] /;

FreeQ[{a,b,c,d1,e1,d2,e2,f,m,n},x] & EqQ[el,cxd1l] && EqQ[e2,-cxd2] & GtQ[d1,0] && LtQ[d2,0] 8&& IGtQ[p+1/2,0] & Not[IGtQ[(m+1)/2,0]] &&
(EqQQ[m,-1] || EqQ[m,-2])

2. J.(-Fx)"' (d+ex2)ID (a+bArcCosh[cx])"dx when c2d+e# @

0: J(-Fx)"' (d+ex?) (a+bArcCosh[cx]) dx when c?d+e#@ A m#-1 A m#-3

Derivation: Integration by parts

Note: This rule can be removed when integrands of the form (d + e x)™ (f + g x)" (a +C x2> Pwhenef+dg ==
are integrated without first resorting to piecewise constant extraction.

Rule: If c2d+es0 Amz-1 Am¢—3,then
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Rules for integrands of the form (f x)~"m (d+e x~2)~p (a+b arccosh(c x))~n

j(fx)"' (d+ex?) (a+bArcCosh[cx]) dx —

dx

+

f (m+1) 3 (m+3) _f(m+1)(m+m

d (Fx)™" (a+bArcCosh[cx]) e (fx)™ (a+bArcCosh[cx]) bc J-(-F x)™ (d (m+3) +e (m+1) x2)

\/1+cx ‘\/—1+cx

Program code:
Int[(f_.*x_)™m_.x(d_+e_.*x_"2)*(a_.+b_.xArcCosh[c_.xx_]),x_Symbol] :=
d* ('F*X) A (m+1) » (a+bxArcCosh[c*x] )/('F* (m+1) ) +
ex (fxx) " (m+3) » (a+bxArcCosh[cxx]) /(3% (m+3)) -

bxc/ (Fx (1) x (M+3) ) #Int[ (Fxx) " (M+1)  (dx (M+3) +ex (M+1) xX 2) / (Sqrt [1+cxx] *Sqrt[-1+cxx]),x] /;
FreeQ[{a,b,c,d,e,f,m},x] & NeQ[c"2+d+e,0] & NeQ[m,-1] && NeQ[m,-3]

1: jx (d+ex?)? (a+bArcCosh[cx]) dx when c2d+e# 8 A p#-1

Derivation: Integration by parts

Rule:If c>d+e # @ A p # -1, then

dx

(d+ex2)p+1 (a+bArcCosh[cx]) bc (d+ex2)p+1
Jx (d+ex?)? (a+bArcCosh[cx]) dx — J

2e (p+1) 2e (p+1) Vi+ex V-1+cx

Program code:

Int[x_=*(d_+e_.*x_"2)"p_.*(a_.+b_.*ArcCosh[c_.*x_]),x_Symbol] :=
(d+exx”2) A (p+1) » (a+bxArcCosh[c*x]) / (2xex (p+1)) - bxc/ (2xex (p+1)) *Int[ (d+exx"2) " (p+1) / (Sqrt[l+cxx]*Sqrt[-1+c*x]),x] /;
FreeQ[{a,b,c,d,e,p},x] && NeQ[c*2xd+e,0] && NeQ[p,-1]
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Rules for integrands of the form (f x)~"m (d+e x~2)~p (a+b arccosh(c x))~n 31

2: J(-Fx)'" (d+ex?)? (a+bArcCosh[cx]) dx when c?d+e# @ A pezZ A (p>0 V "]2;1EZ+A m+p=<0)

Derivation: Integration by parts
Note: If % €Z"NpeZ Am+p=0,then [(£x)" (d+ex?)is arational function.

Rule:if c’d+e# @ ApezZ A (p>@V ™2 eZ Am+p=0),letusf(fx)" (d+ex)”ax, then

u
J(-Fx)'" (d+ex*)? (a+bArcCosh[cx]) dx — u (a+bArcCosh[cx]) —ch dx

'\/1+cx '\/—1+cx

Program code:

Int[(f_.*x_)™m_.x(d_+e_.*x_"2)"p_.*(a_.+b_.xArcCosh[c_.*x_]),x_Symbol] :=

With[{u=IntHide[ (f*x) mx (d+e*x"2)"p,x]},

Dist[a+bsArcCosh[c#x],u,x] - bxcxInt[SimplifyIntegrand[u/ (Sqrt[1l+cxx]*Sqrt[-1+c*x]),x],x]] /;
FreeQ[{a,b,c,d,e,f,m},x] & NeQ[c"2xd+e,0] && IntegerQ[p] && (GtQ[p,@] || IGtQ[(m-1)/2,0] & LeQ[m+p,0])



Rules for integrands of the form (f x)~"m (d+e x~2)~p (a+b arccosh(c x))~n 32

x: Jx"‘ (d+ex*)? (a+bArcCosh[cx])"dx whenmez* A pez*

Derivation: Integration by substitution
Basis: F[Xx] == ﬁ Subst {F [M} Sinh [—% + ﬂ , X, a+bArcCosh[cx] } Ox (a + b ArcCosh[c x])

Note: If me Z* A p € Z*,then x" cosh[-2 + X]" (c2d + ecosh[-2 + X]*)"sinh[ 2 - X] is integrable in closed-form.

b

Rule:lf me z* A p € 2+, then

Subst[Jx" Cosh[-% + E]m (cz d+ eCosh[-E + E]z)p Sinh[-% + E] dx, X, a+bArcCosh[c x]]

Jx'" (d+ex*)? (a+bArcCosh[cx])"dx —
bcm+2p+1

Program code:

(* Int[x_"m_.x(d_+e_.*x_"2)"p_.x(a_.+b_.xArcCosh[c_.*x_])”n_,x_Symbol] :=
1/ (bxc™ (m+2xp+1) ) xSubst [Int [x*nxCosh[-a/b+x/b]"m+ (c*2xd+exCosh[-a/b+x/b]~2) ~pxSinh[-a/b+x/b],x],X,a+bxArcCosh[cxx]] /;
FreeQ[{a,b,c,d,e,n},x] & & IGtQ[m,0] && IGtQ[p,0] *)



Rules for integrands of the form (f x)~"m (d+e x~2)~p (a+b arccosh(c x))~n

3: J(fx)'" (d+ex*)? (a+bArcCosh[cx])"dx when c’d+e# @ ANEZ'APEZ AMEZ

Derivation: Algebraic expansion

Rule:lff c2’d+e+ @ AneZ*ApeZ A meZ,then

J(f x)" (d+ex*)? (a+bArcCosh[cx])"dx — J(a + b ArcCosh[c x])" ExpandIntegrand [ (fx)" (d + ex?)”, x] dx

Program code:

Int[(f_.*x_)™m_.x(d_+e_.*x_"2)"p_.*(a_.+b_.xArcCosh[c_.*x_])"n_.,x_Symbol] :=
Int[ExpandIntegrand [ (a+bxArcCosh[c#x])~n, (fxx)~m+ (d+exx"2) p,x],x]| /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[c"2+d+e,®] & IGtQ[n,0] & IntegerQ[p] && IntegerqQ[m]

u: J-(-Fx)'“ (d+ex*)? (a+bArcCosh[cx])"dx

Rule:

J(-Fx)'" (d+ex*)? (a+bArcCosh[cx])"dx — J(-Fx)'" (d+ex?)? (a+bArcCosh[cx])"dx

Program code:

Int[(F_.*x_)™m_.x(d_+e_.*x_"2)"p_.*(a_.+b_.xArcCosh[c_.*x_])"n_.,x_Symbol] :=
Unintegrable [ (fxx)~m« (d+exx"2) "px (a+b*ArcCosh[cxx])"n,x] /;
FreeQ[{a,b,c,d,e,f,m,n,p},x]

Int[(F_.#x_)™m_.#(d1l_+el_.xx_)"p_.(d2_+e2_.xx_)"p_.x(a_.+b_.»ArcCosh[c_.*x_])"n_.,x_Symbol] :=
Unintegrable [ (f+x)"m+ (d1+elxX) "px (d2+e2xX) “px (a+bxArcCosh[cxx])"n,x] /;
FreeQ[{a,b,c,d1,e1,d2,e2,f,m,n,p},x]
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